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Abstract
SO(2n) has an element α ∈ π2n−1(SO(2n)) of its homotopy group, which does not pass through SO(2n − 1) and vanishes
when sent to SO(2n + 1). Thus few results are known about the Samelson product between α and an element in the image from
π∗(SO(2n− 1)). In this paper, we show the non-triviality of certain Samelson products involving α and determine for which prime
p the p-localization of the group of self homotopy set [SO(2n),SO(2n)] is not commutative.
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1. Introduction
Samelson products in homotopy groups of classical Lie groups have been studied extensively [4,7]. Consider the
inclusions i : SO(2n− 1) → SO(2n) and j : SO(2n) → SO(2n+ 1), the fibering
S2n
α′−→BSO(2n) j
′
−→BSO(2n+ 1)
and an element α ∈ π2n−1(SO(2n)), where j ′ = Bj and α′ is the adjoint of α. Mahowald treated the Samelson product
〈α,α〉 in [8]. Note that SO(2n)
p
SO(2n− 1)× S2n−1 for an odd prime. Few results are known about 〈α, i∗β〉 where
β ∈ π∗(SO(2n− 1)), since j∗α = 0.
Let p be an odd prime. Denote a generator of H 2n(S2n;Z/p) by a2n. As an algebra
H ∗
(
BSO(2n);Z/p)= Z/p[p1, . . . , pn−1, en]
and
H ∗
(
BSO(2n− 1);Z/p)= Z/p[p1, . . . , pn−1],
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For any odd prime p  2n − 1, the natural map i : BSO(p) → BSO(2n − 1) induces an isomorphism
i∗ :Hk(BSO(2n− 1);Z/p) → Hk(BSO(p);Z/p) for k  2p + 1. Since SO(p) is p-regular by [12], there exists
ε′ :S2p−2 → BSO(2n− 1)
satisfying ε′∗(p(p−1)/2) = a2p−2. Denote the adjoint of ε′ by ε. It is the first purpose of this paper to show the
following:
Theorem A. The Samelson product 〈α, i∗ε〉 	= 0 in π∗(SO(2n))(p).
In Section 2 we compute P1en to prove the Whitehead product [α′, i′∗ε′] 	= 0.
Let X be a pointed finite nilpotent complex and K a connected Lie group. The homotopy set [X,K] is a nilpotent
group by [13] and has the localization (see [2,5]). The group of self homotopy set [K,K] has been studied by many
authors (see [1,12]). In [6] ¯Oshima and the second-named author show if 2n− 1 p  4n − 7, [SO(2n),SO(2n)](p)
is not commutative. Using Theorem A we get the following second result:
Theorem B. Let p be an odd prime.
(1) When n 	= 3,4 or 6, [SO(2n),SO(2n)](p) is commutative, if and only if p > 4n− 5.
(2) When n = 3,4 or 6, [SO(2n),SO(2n)](p) is commutative, if and only if p  4n− 5.
If p > 4n− 5, [SO(2n),SO(2n)](p) is commutative, since [SO(2n),SO(2n)](p) ∼= [SO(2n),SO(2n)(p)] by [2] and
SO(2n)(p) is homotopy commutative by [9]. Also, if 2n − 1 p < 4n − 5, [SO(2n),SO(2n)](p) is not commutative
by [6]. As is described in Section 3, the case that p < 2n − 1 can be examined using Theorem A. Also in Section 4
we look at the case that p = 4n− 5. All through this paper p is an odd prime.
2. Proof of Theorem A
Let T n be the standard maximal torus of SO(2n) and λ :BT n → BSO(2n) is the natural map. As an algebra
H ∗(BT n;Z/p) = Z/p[t1, . . . , tn], where |tj | = 2. We put uj = t2j and denote the kth fundamental symmetric poly-
nomial by σk . Then, λ∗ is monic, λ∗(pk) = σk(u1, . . . , un) and λ∗(en) = t1 · · · tn. (pn = e2n) (see [3] or [10]). Denote
by Tk the element of H 4k(BSO(2n);Z/p) satisfying λ∗Tk = uk1 + · · · + ukn. Since
λ∗
(P1en
)=P1λ∗(en) = (t1 · · · tn)
(
t
p−1
1 + · · · + tp−1n
)
= (t1 · · · tn)
(
u
p−1
2
1 + · · · + u
p−1
2
n
)
= λ∗(enT(p−1)/2),
we have P1en = enT(p−1)/2. Then we denote the ideals (p1, . . . , pn−1) and (p1, . . . , pn−1, en) of H ∗(BSO(2n);Z/p)
by J ′ and J , respectively. By Newton’s formula,
T(p−1)/2 ≡ δp(p−1)/2 mod J ′2,
where δ = (−1)(p+1)/2(p−12 ) 	= 0. Since p < 2n+ 1, (p − 1)/2 n− 1 and δp(n−1)/2 	∈ J 2 ⊃ J ′2. Now we have
Lemma 2.1. P1en = δenp(p−1)/2 mod J 3.
If the Whitehead product [α′, i′∗ε′] = 0 in π∗(BSO(2n)(p)) then there is a map θ :S2n ×S2p−2 → BSO(2n)(p) such
that the diagram
S2n × S2p−2 θ
⋃
BSO(2n)(p)
S2n ∨ S2p−2
α′∨i′ ε′ BSO(2n)
l∗
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θ∗(p(p−1)/2) = α′∗(p(p−1)/2)⊗ 1 + 1 ⊗ (i′ ◦ ε′)∗(p(p−1)/2)
= 1 ⊗ a2p−2
and
θ∗(en) = α′∗(en)⊗ 1 + 1 ⊗ (i′ ◦ ε′)∗(en)
= a2n ⊗ 1.
Therefore P1θ∗(en) = P1(a2n ⊗ 1) = 0. On the other hand, P1θ∗(en) = θ∗P1(en) = δa2n ⊗ a2p−2 	= 0. Therefore θ
does not exist and [α′, i′∗ε′] 	= 0. Using [11], we have Theorem A.
3. [SO(2n),SO(2n)](p) where p < 2n − 1
In this section, we prove that [SO(2n),SO(2n)](p) is not commutative, if p < 2n− 1. First we prove a lemma.
Lemma 3.1. Let X1 and X2 be pointed finite nilpotent complexes and K a connected Lie group. If there are
α1 ∈ πn1(X1), α2 ∈ πn2(X2), f1 :X1 → K(p) and f2 :X2 → K(p) satisfying
〈f1∗α1, f2∗α2〉 	= 0
in πn1+n2(K(p)), then [X1 ×X2,K(p)] is not commutative.
Proof. Put bj = fj ◦ pj (j = 1,2) where pj :X1 ×X2 → Xj is the projection. The diagram
X1 ×X2 (b1∧b2)◦Δ¯ K(p) ∧K(p) γ K(p)
Sn1 × Sn2
α1×α2
π
Sn1 ∧ Sn2
f1◦α1∧f2◦α2
〈f1∗α1,f2∗α2〉 K(p)
is homotopy commutative where π is the projection, Δ¯ is the reduced diagonal map and γ is the localization of the
commutator map. Note that since K(p)  ΩBK(p),
π∗ :
[
Sn1 ∧ Sn2,K(p)
]→ [Sn1 × Sn2,K(p)
]
is monic. If 〈f1∗α1, f2∗α2〉 	= 0, then γ ◦ (b1 ∧ b2) ◦ Δ¯ ◦ (α1 ∧α2) 	 0 and therefore [b1, b2] = γ ◦ (b1 ∧ b2) ◦ Δ¯ 	 0,
where [b1, b2] denotes the commutator in [X1 ×X2,K(p)]. 
Now, put G = SO(2n) and G′ = SO(2n− 1). Assume 3 p < 2n− 1. Note that by [2]
[G,G(p)] ∼= [G,G](p) (1)
as a group and the localization l :G → G(p) induces an isomorphism
l∗ : [G(p),G(p)] → [G,G(p)].
Put X1 = S2n−1, X2 = G′, α1 = ι2n−1, α2 = ε, f1 = α and f2 = i, where ιk denotes a generator of πk(Sk) ∼= Z.
Since
〈
f1∗(α1), f2∗(α2)
〉= 〈α, i∗ε〉 	= 0
in π2n+2p−2(G(p)), [X1 × X2,G(p)] ∼= [(X1 × X2)(p),G(p)] ∼= [G(p),G(p)] ∼= [G,G(p)] is not commutative by
Lemma 3.1.
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In this section, we check the case p = 4n − 5. As in the previous section, we set G = SO(2n). And in the rest, all
spheres are assumed to be p-localized. In this case, SO(2n) is p-regular, that is,
G(p)  S3 × S7 × · · · × S4n−5 × S2n−1.
We denote the inclusion S4n−5 → G(p) by ε4n−5, which corresponds to a generator of π4n−5(G)(p).
The rest is separated into three cases, and the next proposition gives us the result of the first case.
Proposition 4.1. Let p = 4n − 5 be a prime. If n 15, or if n is odd and n 7, [SO(2n),SO(2n)](p) is not commu-
tative.
Proof. Let g0 be the composition G(p)
π4n−5−→ S4n−5 ε4n−5−→G(p), where π4n−5 is the projection into the component. Also
we set g1 as one of the followings according to n. If n 15, g1 can be set as the composition
G(p)
π ′−→S3 × S7 × S11 × S15 × S4n−41 q
′
−→S4n−5 ε4n−5−→G(p).
On the other hand, if n = 2m+ 1 and m 3, g1 can be set as
G(p)
π ′′−→S3 × S4m−5 × S4m+1 q
′′
−→S4n−5 ε4n−5−→G(p).
In the above, π ′ and π ′′ are the projections into components, and q ′ and q ′′ are the quotient maps from direct products
into smash products. Indeed these maps can be defined because 4n − 41 19 if n 15, and also because 4m + 1 =
2n− 1 and 4m− 5 7 if m 3. Remark that g0 and g1 passes through the distinct components.
Now consider the commutator [g0, g1] in [G(p),G(p)]. See the diagram below.
G(p)
r1
Δ¯ G(p) ∧G(p) g0∧g1
π∧π4n−5
G(p) ∧G(p) γ G(p)
X × S4n−5 q1 X ∧ S4n−5 q∧1 S4n−5 ∧ S4n−5
ε4n−5∧ε4n−5 〈ε4n−5,ε4n−5〉
In the diagram, r1 and q1 are the natural projection and the natural quotient map, respectively. Moreover X means
S3 × S7 × S11 × S15 × S4n−41 or S3 × S4m−5 × S4m+1, π means π ′ or π ′′, and q means q ′ or q ′′ according to the
selection of g1. Then the diagram can be easily checked to be homotopically commutative and we obtain
[g0, g1] = 〈ε4n−5, ε4n−5〉 ◦ (q ∧ 1) ◦ q1 ◦ r1.
Hence, [g0, g1] is non-zero, because 〈ε4n−5, ε4n−5〉 is non-zero by [9] and also q ∧ 1, q1, and r1 are natural quotient
maps or projections. By the isomorphism [G(p),G(p)] ∼= [G,G](p), [G,G](p) is not commutative. 
On the other hand, in case n = 3,4,6, [G,G](p) is commutative when p = 4n − 5. To see this we prepare with a
general theorem.
Consider the homotopy-fibre Ej of mod p Steenrod operator P1 as
Ej
kj−→K(Z(p),2j + 1)P
1u2j+1−→ K(Z/p,2j + 2p − 1),
where u2j+1 is the fundamental class of K(Z(p),2j + 1). Then H ∗(Ej ;Z/p) = 0 for 2j + 1 < ∗ < 2j + 4(p − 1), if
j  2. Also if j = 1, these cohomology groups vanish for 3 < ∗ < 2p2.
Theorem 4.2. Let K be a compact, simply connected Lie group of rank l and set H ∗(K;Z(p)) ∼= ∧(x2n1+1, . . . ,
x2nl+1), where x2nj+1 is primitive, |x2nj+1| = 2nj +1 and 1 n1  . . . nl . Then, if the following three assumptions
are satisfied, [K,K](p) is commutative.
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(2) dimK < 4p − 3.
(3) H 2nj+2(p−1)(K;Z/p) = 0 for 1 j  l.
Proof. We set E, L, x and k as shown in the next diagram:
E =∏lj=1 Enj
k=∏lj=1 k2nj+1
K(p)
λ
x=∏lj=1 x2nj+1
L =∏lj=1 K(Z(p),2nj + 1)
Then, by the assumption (1), P1 vanishes on H ∗(K;Z/p) and x has the lift λ. Remark that, by the assumption (3),
λ is unique. Also λ induces an isomorphism on mod p cohomology in the range of degree < 4p − 3. Thus, the
assumption (2) implies λ∗ : [K,K(p)] → [K,E] is bijective, and (3) implies k∗ : [K,E] → [K,L] is monic. Therefore
x∗ : [K,K(p)] → [K,L] ∼= ⊕lj=1 H 2nj+1(K;Z(p)) is monic. Remark that this correspondence maps g ∈ [K,K(p)]
into x∗(g) = (g∗(x2n1+1), . . . , g∗(x2nl+1)). Since x2nj+1 is primitive, this embedding x∗ is a group homomorphism
and then [K,K(p)] must be commutative. 
Corollary 4.3. Let p = 4n− 5. Then [SO(2n),SO(2n)](p) is commutative, for n = 3,4 and 6.
Proof. For an odd prime p, SO(2n)(p)  Spin(2n)(p) and, for n = 3,4 and 6, Spin(2n) and p = 4n − 5 satisfy the
assumptions of the previous theorem. 
Finally, we look at the case n = 2 and n = 12. Since, for n = 5,8,10,11 and 14, 4n− 5 is not prime, these are the
all remaining cases.
Proposition 4.4.
(1) [SO(4),SO(4)](3) is not commutative.
(2) [SO(12),SO(12)](43) is not commutative.
Proof. We begin with the case of SO(4). Since [SO(4),SO(4)](3) is isomorphic to [Spin(4),Spin(4)](3), we consider
the commutator in [Spin(4),Spin(4)](3). Recall that Spin(4) ∼= S3 ×S3, and let pj and ij denote the projection into the
j th component and the injection from the j th component, respectively. Then we set b1 : Spin(4) p1−→S3 i1−→ Spin(4)
and b2 : Spin(4)
p2−→S3 i1−→ Spin(4). Then the commutator [b1, b2] = γ ◦(b1 ∧b2)◦Δ¯ fits in the commutative diagram
below:
Spin(4) Δ¯
∼=
Spin(4)∧ Spin(4) b1∧b2
p1∧p2
Spin(4)∧ Spin(4) γ Spin(4)
S3 × S3 q S3 ∧ S3 〈ι,ι〉 S3
i1
where ι is the identity of S3 and q is the natural quotient map. Since it is classically known that the order of 〈ι, ι〉 can
be divisible by 3 [4], i1 ◦ 〈ι, ι〉 ◦ q ∈ [Spin(4),Spin(4)](3) is non-zero. Thus [Spin(4),Spin(4)](3) is not commutative.
Now we consider [SO(24),SO(24)](43). Since SO(24)(43)  SO(23)(43) ×S23, [SO(23),SO(23)](43) is a subgroup
of [SO(24),SO(24)](43) and to complete the proof it is sufficient to see that [SO(23),SO(23)](43) is non-commutative.
Remark that SO(23) is 43-regular. Thus we can consider the following two maps:
b′1 : SO(23)(43)
r2−→S3 × S7 × S11 × S31 × S35 × S39 q
′′′
−→S126 α1−→S43 ε43−→SO(23)(43),
b′2 : SO(23)(43)
r3−→S43 ε43−→SO(23)(43),
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of a component and α1 denotes the suspension of the generator of the first non-trivial 43-primary homotopy group
π86(S3)(43) of the sphere.
Then the commutator[b′1, b′2] = γ ◦ (b′1 ∧ b′2) ◦ Δ¯ in [SO(23)(43),SO(23)(43)] fits in the next diagram.
SO(23)(43) Δ¯
r2
SO(23)(43) ∧ SO(23)(43) γ ◦(b
′1∧b′2)
(α1◦q ′′′◦r2)∧r3
SO(23)(43)
X × S43
q ′′′∧1 S
126 ∧ S43 α1 S43 ∧ S43
〈ε43,ε43〉
cα1 S
3
ε3
where ε3 is also the inclusion of the component and c ∈ Z/43 is a non-zero coefficient. Except for the left lower
triangle, the commutativity of the above diagram is easy to see. To see that 〈ε43, ε43〉 = c(ε3 ◦ α1), we recall that
〈ε43, ε43〉 has the non-zero order divisible by 43 [9] and remark that S3 is the only component of SO(23)(43) which
has the non-trivial 43-primary homotopy group π86(S3)(43) ∼= Z/43 of dimension 86.
Here, r2∗ ◦q ′′′∗ : [S169,SO(23)] → [SO(23),SO(23)] is monic and also ε3∗ : [S169, S3] → [S169,SO(23)] is monic
as well. Thus [b′1, b′2] = ε3 ◦ α1 ◦ α1 ◦ q ′′′ ◦ r2 is non-zero, because the non-triviality of α1 ◦ α1 is known (See the
remark on p. 285 in [12]). Therefore [SO(23),SO(23)](43) is non-commutative and the statement follows. 
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